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1. Introduction

Burnside (1998) has provided a closed-form solution for the price-dividend ratio in Lucas
(1978) asset-pricing model when the growth rate of the endowment is a first-order Gaussian
autoregression. Tsionas (2003) has extended the Burnside’'s model to the case of any
distribution of shocks to endowment’s growth rate. These models are useful in alowing
comparisons among numerical methods used to approximate the nontrivial closed-form
solution.

However, these models are unsuccessful in accounting for the joint behavior of asset prices
and consumption. Two failures in particular have attracted much attention: Mehra and
Prescott’s (1985) equity premium puzzle, the fact that returns on the stock market exceed the
returns on Treasury bills by an average of six percentage points; and Weil’'s (1989) risk-free
rate puzzle, the fact that the return on Treasury billsislow on average.

A lot of papers have been developed in respect to theses puzzles. Habit formation has a
long history in the study of consumption. Habit formation models assume that the utility is
derived from consumption relative to its recent past rather than its absolute level. Preferences
exhibiting habit formation constitute an important class of time non-separable preferences,
which have received attention again recently®. The distinguishing feature of these models is
that current utility depends not only on current consumption, but also on a habit stock formed
from past consumption. The larger the habit, the less pleasure is received from a given amount
of consumption, and the larger must be new purchases to gain the same benefit.

Abel (1990) introduces habit formation into the representative investor’s utility function,
and calculates the returns on stocks and hills. Abel suggests that the habit formation model
resolves the equity premium puzzle and the risk-free rate puzzle, as the ssimulated risk
premium on stocks is high and the risk-free rate is low. However, Abel’s calculation is based

on the assumption that consumption growth isi.i.d.. Fama and French (1988) and Poterba and

1 See Sundaresan (1989), Constantinides (1990), Campbell and Cochrane (1999), Jermann (1998), Boldrin,
Christianoz, and Fisher (2001).



Summers (1988) find evidence that consumption growth is negatively serially correlated.

In this paper we construct a new model that nests Burnside’s model and Abel’s habit
formation model. That is, we use two modifications on the standard asset-pricing model: the
growth rate of the endowment is a first-order Gaussian autoregression and the representative
investor has habit formation utility function. The goal of this paper is to explore the
asset-pricing implication of our new model.

The rest of the paper is organized as follows. We begin in Section 2 with the assumptions
on technology and preference structure in which the habit formation is introduced. Then we
describe the representative investor's consumption-portfolio problem, and discuss the
equilibrium asset-pricing implication of the problem. Section 3 solves the model by iterating
forward on the Euler equation for the price-dividend ratio. We also provide the price of
one-period risk-free bond. Section 4 uses the equilibrium asset prices in the section 3 to study
the equity premium puzzle and risk-free rate puzzle. We find that the plausible parametersin
our model can generate high equity premium and low risk-free rate at the same time. Section

5 concludes.

2. The Model

The economy is similar, except for the investors' preferences and the endowment process,
to the one studied by Lucas and Mehra and Prescott. We first describe the technology and

investors' problem, and then compute equilibrium Euler equation.

2.1 Technology
There is one perishable consumption good, a fruit, which is produced by non-reproducible
identical trees. The number of trees equals the size of constant population. At timet, each tree

yields fruits or dividends in the amount D,. The stochastic dividends are the only source of

exogenous fundamental uncertainty. Assume that the growth of dividends, x =In(D,/D, ),



follows a Gaussian AR(1) process
% =[A-pu+px.+&, @
where & isii.d. N(0,6%) and |p|<1.
The investors can also purchase one-period risk-free bond. A risk-free bonds are issued at

each period t with the price b, and mature at period t+1 paying one unit of consumption good.

The grossrate of return onthebondis R =1/h,.

2.2 Investors
The economy is populated by a large constant number of identical infinitely lived investors.
The representative investor has wealth W; at time t and wants to use this wealth to maximize

expected lifetime utility,

max E, {37, AU(C,...h..)} . 2
subject to the budget constraints

W =C+R'L+Rs, W,=L+(R,+D,)s.

Here E; is the mathematical expectation conditional on information known at time t,
S €(0,1) is asubjective time discount factor, P; is the exdividend price of atreein period t, 5
and L. are, respectively, the investor’'s holdings of trees and the gross payout on the bond
holding between periods t and t+1. The investor’'s period utility function, u(C,,h), depends
not only on the current consumption C;, but also on the habit stock h;, where we follow Abel
in defining the habit formation as h, = h(C,_;) = C/, . Assume that the period utility function
has the following isoelastic form u(C,,h)=(C,/h)"“/(1-a) . When parameter y

equals zero, the utility function reduces to the standard constant risk aversion utility function

and o isthe coefficient of relative risk aversion.

2.3 Equilibrium asset-pricing



In the assumed representative investor economy, optimal consumption and asset holdings
and prices have to adjust at each period such that in general equilibrium C=D;, § =1, and
L, =0for each t. Using these market clearing conditions, we can write the first order

conditions for the representative investor’ s problem as follows:

1=E(M,.R). ©

P.+D
kE{Mmﬁﬁrﬁ] @

t

where the stochastic discount factor is defined as

Uc (t +1) + IBEt+1[uh (t + 2)8h+2 /8Ct+1] _ ,B Ht+2 ﬂ‘ty(afl)itfr; )

Mt+lE'B Uc(t)+IBEl[uh(t+1)ah+1/aCt] E[Ht+1

Here u.(t)=u(C,h), 4,,=D,,/D,and H_ =1~ ﬂyﬂ‘tl;laﬂ;ﬂl’“) .

3. Solution of the model

In this section, we present the price-dividend ratio, the condition under which the
price-dividend ratio is bounded, and the bond price. We then use the asset prices to calculate

the stock’ s risk premium and the bond’ s risk-free rate.

3.1 Price-dividend ratio

The following theorem provides a closed-form solution for the price-dividend ratio.

Theorem 1. For this economy, the tree’s price-dividend ratio v, =R /D, is

i o (@=1)%
_ 0 ﬁje?/ Aj+Bj(th,u) A]+1+Bj+1(xt*/4)
I ®
+

where Ay and B; will be defined later.

Proof. We can rewrite Euler equation (4) as V, = E[M,,,(v,,, +DA,.,] . Iterating forward on

the equation above gives v, =X E[M, ---M 4, -4, ;], where we have ruled out the



asset bubbles. Applying the definition of SDF to each term in the preceding equation gives
E[[Mt+l".Mt+jﬂ‘t+1'“ﬂ‘t+j]

BA? a0-a) .., 10-7)0a) y1a (L) g )
a ~7)(1-a) 91~ a a
. R ]
t+1

ﬁ ﬂty(a 1
— {E[e(l—}/)(l—a)(xxu‘*'”'“‘uj )ty (=) X, _ ﬁ}/E[e(l_;/)(l_a)()(i+l+'"+X1+j+1)+7(1_a)xt+j+1}
E[Ht+1

where the second equality follows from the fact that A, ,, = €**. Burnside shows that

X = ﬂ+1—(1 P - ﬂ)+—[(1 P&+ + (A= p)E ],
X, =u+p (X —p)+p’ 1si+1+---+p§+,--
Therefore,

=)A= )Xy +-+ %, )+ 7 (L= @)X,
=1-7)A-)ju+pA-p)1-p )X -]+ yA-a)u+p’ (% - w)]
+(1-7)A-a)A-p) A= p )+ + A= p)&, 1+ rA=a)(p &+ + &)

When a random variable 7 is normally distributed with mean g, and variance a,f, the

formula for the mean of exp(r) is exp(x, +0,f/2). Because & isani.i.d. sequence of

random variables with normal distribution, we have

Aj+Bj (% —u)

E[e(l_;/)(l_a)(xt+1+' : '+X1+j )+7(1_a)xt+1 e j

, Where

A =1-7)A-a)ju+yA-a)u+05[1-y)1-a)A- p) A-p" )+ yA-a)p™T
+-+[(1-y)A-a)A- p) A= p)+ y(1-a) p°1} 07,
B, = (1-)1-a)p-p) ' (1-p)+y1-a)p’.

ﬂie;'(a*l)xt
E[Ht+1

It follows that E[[Mt+1 . Mt+jj‘(+l .. 'ﬂ"t-#j] — {e/’-\j+Bj (O4=p) ﬂyeAjﬂJrBiu(Xt*/l)} ’

which proves equation (5). Q.E.D.
Theterm EH,,, istimet measurable, and can be written as the function of state variable

EH,, =1- Bye 7% Ele(lfa)[m,o(xt—wm] =1- Bye 7 gl-@llu+p(x-u1+05(1-a)* o]
t+1 .

Theorem 2. The seriesin equation (5) convergesif and only if



a2 ) 2
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r=pe 2o, (6)
@ (@-1)%
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Proof. Define Zl :ﬁ—{eAJJrBJ(Xx 1) _ﬂ]/eAl+1+B|+1(Xt #)} , 50 that Vt :2'712' ) ThUS,
E[Ht+l =
A'+ _A'+ +(B'+ _B'+ )(Xt_;u)
ZJ+1 _ 1_1376 e eAj+rAj+(Bj+fBj)(><ru) where
z - 1_ﬁ eAj+1—Aj+(Bj+1—Bj)(>‘1—#) !
j v

A=A =1-7)A-a)u+ 051~ y)1-a)1-p) (1~ p") + yA-a)p' P o?,
B,..~B, =(p"" - pNr(l-a)-1-y)1-a)p-p)™].

Then, it follows from [p|<1 that lim,_ z_,/z;=r. If r<1, the ratio test for
convergence of series implies that the sum Z‘f:lzj converges. If r >1, the ratio test implies

that the sum diverges. If r =1, the ratio test is not conclusive. But in this case, zZ; can be

shown to diverge to infinity. Q.E.D.

Theorem 3. The mean of the price-dividend ratio is a finite constant if r < 1.

Proof. Rewrite the price-dividend ratio as v, = SXe**3%7) + 52 BIXY, , where

e7(afl)><t
E[ Ht+1 ,

It follows from the definition of the endowment growth rate that the unconditional

_ Aja+Bj (4 —4)
X Y =(1- gy)e “,

distribution of x isgivenby x ~ N(u,o?/(1- p®)) for every integer t. Therefore,

E(Z].Y)) =27, (- )",

It is easy to show that

1+05B%,0%/(1-p?) / eAj +05B%0% /(1-p?) |: r

lim__|e"

jow
The ratio test then implies that E(Z7.,Y;) is finite for r < 1. Since the mean of random

variable X is finite, it follows from the Lebesgue Convergence Theorem that the mean of the

price-dividend ratio isfinite. Q.E.D.



The formula for the price-dividend ratio differs from Burnside's (1998) formula, in that
habit formation also affects the price-dividend ratio. The theorem in Burnside considered the

specia case y =0, which corresponds to time-separable utility function.

3.2 Bond price

Rewrite the bond price as h = E (M, ,,) . After substituting the expressions for SDF, we

have
H o ﬁey(afl)xt ~ L .
h =ﬂEl |:$211}’(a 1)At+a:| :—E[ e a% —,[)’)/e[ a-y( a)]xﬁle( ) %2 .
ElHt+1 ' ElHt+l [ ]
We have known that
Xoa = U+ P = 1)+ &opy Koo = H+ 7 (X = ) + P&y + &
Then,

é“a_;/(l_a)] X t+(l-a) %,
— é7a77(17a)][/—1+p(><t7/")*4:”1]*(17“)[/4*/72(><t7ﬂ)+p§[+l+§t+2]
— é’a’V(l’a)][,u*p(xt’ﬂ)]*(l’a)[lfrpz(Xt’ﬂ)]*[*a’}’(l’a)*(l’a)P]ﬁul*(l’a);d
Thus, the bond priceis
(a-1)
b = pet {efa[#+p(>&*#)]+0-5a202
E[ H t+1

_ ﬂye[—a—}/(l—a)][ﬂ’fﬂ(xl—Al)]+(1—06)[/1+ﬂ2(x(—ll)]+0-5[—06—7(1—06)+(1—0¢)P]20'2+0-5(1—0¢)20'2} _

()

3.3 The equity premium and the risk-free rate

In this subsection, we present the equity returns and the risk-free rate. The rate of return on

equity (i.e. stock) is defined as R, = (P,, +D,.,)/P. Thus, when the current state is X,
and next state is X, the period return is R®, = (1+V,,,) exp(X,,)/V, . When the current

stateis X , the equity’s expected rate of return is
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E[RS, Ix]= s E{[1+ Ve, (1 + p(% — 1) + &)l expl e+ p(% — 1) + il I %}
- el fxf)xf “ vt %= )+ E ] P ).

As x and ¢, areindependent, it iseasy to compute the equity’s conditional expected rate
of return as the function of X, .

The unconditional expected return on the equity is R®=EJ{E[R>, |x]}, where the
notation E, indicates the expectation over the unconditional distribution of X . The gross
rate of return on the bond is R%, =1/h when the current state is X, . Thus, the expected

return on therisk-freebond is R® = E (R?,) . Therefore, the equity premiumis R°®—R®.

4, Numerical Solutions

In this section we present the major results of the model’s numerical solutions.

4.1 parameter values
For the economies to be fully specified, it is necessary to choose the specific parameter

values for B, u, o, p, and y. The following values are taken directly from Abel,

where they were chosen so that certain key statistics for the model economies would match

those for the U.S. economy: £=0.99, x=0.018, 0=0.036, p=-0.14, y=1.

The next step isto choose parameter values for ¢ , which should satisfy both condition (6)
and H,,, >0(See Abel). When y =1, condition (6) obviousy holds true. It suffices to
calculate the bound for « by solving the condition H,,, > 0. Incorporating the definition
of consumption growth yields

Hio=1-Brexpl-y(1-a)x]exp[(l-a)x.,] > 0.

Therefore, the inequality aboveis equivalent to

11



1-In(By) [[min(x) —y max(X)] < a <1+ In(By) /[min(x) — y max(x)],
where max(x) and min(x) denote, respectively, the maximum and the minimum of random
variable x. As x is hormally distributed, max(x) = -min(x) = o, the limiting value of « is
one. To avoid this problem, consider a normal distribution truncated at x, and Xg, so that the
density is f(X)/prob(x. < X < Xg) when x. < % < Xz and O otherwise, with f given by
unconditional distribution of x. Then letting max(x) to be Xz, and min(x) to be x,, parameter

a would have a bound. For £=0.99, =1, x. =-0.1, xg =0.13, the bound for « is

0.9563< or <1.0437.

4.2 results
Panel A of Table 1 presents the unconditional expected rates of return and the equity

premium under time-separable preferences and i.i.d. consumption growth. It displays the

equity premium puzzle. Although R® increases as ¢ increases from 0.5 to 10, R® aso
increases, the equity premium does not come anywhere close to 6 percent per year.

Panel B presents the unconditional expected rates of return and the equity premium under
time-separable preferences and non i.i.d. consumption growth. However, it still cannot
provide aresolution of the equity premium puzzle. Although the equity premium is larger than
those in the case of thei.i.d. consumption growth, it is still far below 6 percent per year.

Panel C reports the unconditional expected rates of return under habit formation and non
i.i.d. consumption growth. For « =1.0437, the equity premium is about 5 percent and the
unconditional risk-free rate is 2.62 percent. The unconditional expected returns on stocks and
bonds are much closer to their historical averages. We cannot directly compare the results
displayed in Panel C with Abel’s corresponding results, since two results are based on

different methods.

5. Conclusions

12



The paper explored two modifications on the standard asset-pricing model: the growth rate
of the endowment is a first-order Gaussian autoregression and the investor’s preference is a
habit formation utility function. The paper combined Burnside’s and Abel’s models. It was
shown that the modifications not only improved on the standard asset-pricing model’s
implication for the equity premium puzzle and the risk-free rate puzzle, that is, our model was
capable of explaining high risk premium and low risk-free rate at the same time, they also

retained the advantage of Burnside's model, that is, the convenience of exact solution.
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Table 1:

Unconditional Expected Returns

(24

Stocks

Bonds

Equity Premium

A. Time-separable preferences and i.i.d. consumption growth (¥ =0; p =0)

05

1

6

10

1.0197

1.0291

1.1079

1.1482

1.0191

1.0278

1.0994

1.1334

6.6057e-004

0.0013

0.0086

0.0148

B. Time-separable preferences and non i.i.d. consumption growth (y =0; p =-0.14)

0.5 1.0203 10191 0.0012
1 1.0291 1.0278 0.0013

6 1.1134 1.0999 0.0135
10 1.1644 1.1349 0.0296

C. Habit Formation and non i.i.d. consumption growth (y =1, p =-0.14)

0.96 1.0496 1.0357 0.0139
0.98 1.0288 1.0299 -0.0011
1 1.0251 1.0264 -0.0013
101 1.0292 1.0254 0.0038
1.02 1.0373 1.0250 0.0123
1.03 1.0500 1.0252 0.0248
1.04 1.0682 1.0258 0.0424
1.0437 1.0766 1.0262 0.0504
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